In neutrinoless double beta (0υββ) decay experiments, topological signature provides an important method to distinguish double beta events and achieve lower background rates. This article establishes a Monte Carlo (MC) simulation platform to study the topological signatures of singleelectron events and 0υββ events in CdZnTe. Based on the MC data, a new topological signature of the primary trajectory is proposed and the energy deposition along the trajectory is discussed. Applying new energy deposition models, this article presents a new discrimination method between single-electron and 0υββ events, which provides a good background rejection factor as well as a high signal efficiency.
Introduction
Research of neutrinoless double beta (0υββ) decay is a key approach to answer whether neutrinos are Majorana particles and whether total lepton number is conserved in nature, as well as to provide the direct information about the absolute neutrino mass scale [1] . Several experiments using different 0υββ isotopes are already running or about to run, to explore the best strategy for 0υββ searches, such as the 76 Ge-based GERDA experiment [2] , the 136 Xe-based EXO-200 experiment [3] , the 130 Te-based CUORE experiment [4] , and so on. The formidable challenges of the experimental approaches are their scalability to large masses, and their capability to control the backgrounds to the required extremely low levels [1] .
The COBRA experiment [5] is planning to use a large amount of CdZnTe (CZT) room temperature semiconductor detectors for the search of 0υββ. CZT contains 9 candidate isotopes for 0υββ, and among them 116 Cd has the highest Q-value of 2813.50 keV. This isotope is the main target of the search, since its Q-value lies above the highest relevant naturally occurring gamma line ( 208 Tl at 2614.6 keV), and thus contributes to the background reduction in the region of interest. Other possible means to reach the extremely low background level [6] could be pixelised detectors, by exploiting the topological information of the events. In Ref [7] , the COBRA collaboration developed a set of selection criteria between single-electron and 0υββ events in pixelated CZT detectors, based on three distributions of the 2-D topological signatures: the number of active pixels, the maximum separation of active pixels, and the variation in the energy deposition. Whereas, these distributions are proposed based on the features of 2-D unorganised pixels, and the 3-D topological signatures of single-electron events and 0υββ events in CZT have not been discussed yet.
The NEXT experiment [8] is planning to search 0υββ in high pressure xenon gas TPC. One main advantaged of this technique is the ability to reconstruct the trajectory of the two electrons emitted in the decays, which contributes to the suppression of backgrounds. In Ref. [9] , the NEXT collaboration developed an inspiring algorithm to group the voxels into tracks and find their endpoints, and proposed a method to distinguish single electrons and electron-positron pairs based on the energy deposited at the end-points of the track (called a 'blob'). Whereas, the topological signature of the 'lower energy blob candidate' has not taken full advantage of the entire track, and lacks the robustness as a discrimination method.
This article establishes a Monte Carlo simulation platform to simulate the behaviour of the single-electron and 0υββ events in CdZnTe, and generates a large quantity of tracks of both event types. Applying the knowledge of graph theory, the primary trajectory of a Monte Carlo track is reconstructed from the unorganised points, and is proved to be a crucial topological signature. Based on the energy deposition along the whole length of the primary trajectory, two models of the singleelectron and 0υββ events are built and demonstrated to be well distinguished from each other. As a result, a new discrimination method is proposed, which provides a good background rejection factor as well as a high signal efficiency. The last part of this article discusses the discrimination efficiency affected by the parameters chosen in the algorithm, and confirms the feasibility of the method. In order to simulate of the behaviour of single-electron events and 0νββ events in CZT, the GEANT4 simulation package [10] is used in this article. The Standard physics list is adopted, and the corresponding physical processes affecting electrons are ionization, bremsstrahlung and scattering processes [11] .
The size of CZT is 10 mm × 10 mm × 10 mm, which is large enough for most electrons of interested energy to deposit all their energy within the boundaries. Also, a pre-selection is made to exclude the events which don't deposit all the energy in CZT due to bremsstrahlung interactions or other circumstances.
For a single-electron event, the electron is emitted from the center point of CZT, and in a random direction. The initial energy of the electron is 2813.50 keV, corresponding to the Q-value of 116 Cd.
For a 0νββ event, two electrons are emitted from the central point of CZT simultaneously, with a total energy of 2813.50 keV. As the mechanism of 0νββ decay is not well understood yet, there are many hypotheses providing different energy and angular distributions of the two electrons, which were discussed in Ref. [12] . This article considered the mass mechanism as the domain mechanism, to stay the same with the choice in Ref. [7] . In this 0νββ hypothesis, the energy distribution of each electron is bell shaped and centred on half the Q-value. The angular distribution between the two electrons is asymmetric shaped, and peaks at the opening angle of θ = 120°. The curves of both distributions can be found in Ref [7] .
Monte Carlo Tracks
For every sample of the two event types simulated by GEANT4, the x, y, z-coordinate and energy deposited in every step are recorded. This sample is called a 'Monte Carlo (MC) track' of the single-electron events or 0νββ events. An instance of the MC tracks is shown in Fig. 1 . 
Voxelization
To study the topological signatures of the single-electron and 0υββ events, the MC tracks are not the proper research subjects. The reason is that the current spatial resolution of a real CZT detector is nowhere close to that of the MC track simulated in GEANT4. Consequently, the topological signature of the MC track may meet big differences from that of the track measured in a real detector.
So the voxelization of the track is conducted, to make a better approximation to a real experiment. The initial voxels are cubes of 0.1 mm in volume (D = 0.1 mm, D is the side length of the voxel), corresponding to the best spatial resolution of the CZT-Timepix detector described in Ref. [13] .
The concept of voxelization is to replace the MC track by the voxelized track: The coordinate of each point in the voxelized track is given by the central coordinate of the voxel, and the energy of each point is given by the sum of the energy deposited within the voxel's boundaries. An instance of the voxelized tracks is shown in Fig. 2 , which are the voxelization of the MC tracks in Fig. 1 .
Spatial end energy distribution of the voxelized track
With the voxelized track, we can estimate some simple 3-D topological signatures: the number of active voxels, the variation in the energy deposition of every voxel, and the maximum separation of active voxels, where an 'active' voxel means a voxel with a non-zero energy deposition. The distributions of these simple topological signatures is shown in Fig. 3 , and can be compared with the similar results achieved by the COBRA collaboration for simple 2-D topological signatures in CZT in Ref. [7] . 3 A new topological signature of the primary trajectory
Features of the energy deposition in CZT

Specific energy loss of the electron in CZT
When transporting through absorbing materials, the electrons may lose their energy in forms of collisional losses and radiative losses, which are described with formulas in Ref. [14] . According to the relevant material parameters of CZT, the specific energy loss of electrons in CZT is shown in Fig. 4 .
The resulting length of the electron's track L (NOT electron range) as a function of its initial energy E can be described as
To be mentioned, the specific energy loss and length of track of an electron are statistical and may meet large fluctuations. On average, the length of a 2813.50 keV electron's track can be estimated as approximately 3.7 mm. (As comparison, the electron range of a 2813.50 keV electron in CZT is approximately 1.5 mm. [15] ) Fig. 4 shows that specific energy loss of the electron is approximately constant as the energy of the electron decreases along the length of track, until at the end of the track a dramatic increase of the energy loss occurs. This increase causes a significant energy deposition in a compact region, (so-called 'blobs'), as shown in Fig. 2 . Another important reason for the occurrence of blobs in voxelized tracks is that a slower electron at the end of the MC track would meet stronger deflections due to the multiple scattering and thus wrap around in a compact region.
The energy depositions at the endpoints
In Fig. 1 , the 'blobs' can't be easily found at the endpoints of the MC tracks due to the impact of the large energy fluctuation, which can be reduced after voxelization. As a result, in Fig. 2 , the signature of the 'blobs' are much clearer: One larger energy deposition at one of the endpoints of the voxelized track can be found in the single-electron event. In contrast, the voxelized track of the 0υββ event is characterized by two larger energy depositions at both endpoints of the voxelized track.
Reconstruction of the primary trajectory
In Fig. 1 , the MC tracks of the single-electron events and 0υββ events are obtained. It is easy to record the sequence of the points in a MC track according to the time of the energy deposition. However, when it comes to a real detector, it is almost impossible to know the sequence of the energy deposition, because the time difference between the energy depositions is far smaller than the time resolution of the detector. So in a real experiment, what we can measured were only a couple of unorganized points with non-zero energy depositions. In order to reconstruct the real track, the first work is to group the unorganized points into a graph.
In the graph theory in the mathematical field of topology, the points are mathematical abstractions for the interconnected objects, and the lines describe the connectivity between the points. In this article, points are defined as the voxelized points (in Fig. 2) , and two points are connected only when they are close enough. So we define a connectivity criteria T, and when the space distance between two points is no more than T, the points are thought to be connected with a line, and the weight of the line is defined as the space distance.
As the point's space coordinate is voxelized as a whole-number multiple of D, so the space distance between points can only be √ • (N as positive integers, D as the side length of the voxel). In this article, the connectivity criteria T is opted to defaulted √3D. That is, only if the space distance between two points is no more than √3D, these two points are thought to be connected. An instance of the graph with a connectivity criteria T = √3D is shown in Fig. 5 .
According to the typical shortest path problems in graph theory [16] , we calculate the shortestpath between every two points, and pick up the longest of such paths, which is defined as the main path. If more than one longest path are found, the one with the minimum deflection is selected. An instance of the main path (magenta line) is shown in Fig. 5 , which can serve as a rough approximation of the MC track. However, the main path is drawn from the mathematic calculation, and may sometimes fail to reflect the average position of the electrons.
As an improvement of the main path, a spatial filter is established for the smoothing of this polygonal line: Every point P k on the main path is replaced by the center-of-gravity J k of the energy deposition in an R-radius ball around P k . All the J k constitute a new line defined as a primary trajectory (the red line in Fig. 6 ). The radius R of the ball initially equals √3D, and the influence of the value of R is discussed in section 5.2. The results in section 5.2 will indicated that the primary trajectory is a significant improvement compared with the main path. Fig. 7 shows the comparison between the primary trajectory and the MC track, which proves that the primary trajectory is quite a good approximation of the MC track of the electron, and can be qualified as a crucial topological signature to study the features of electrons. 
Primary energy deposition along the primary trajectory
With the primary trajectory of single-electron and 0υββ events, we can calculate the energy deposition in an R-radius ball along the primary trajectory, so-called primary energy deposition. At every point J k on the primary trajectory, the energy deposition E k is defined as the sum of the energy in the R-radius ball around J k .
As the primary trajectory of the same type of events may also vary in the length, so J k is choose at the 0%, 1%... 100% factional length of the primary trajectory (J 0 at 0% and J 100 at 100% are the two endpoints). As the primary trajectory has no direction, so 0% is personally defined as the lowerenergy-deposition endpoint of the primary trajectory and 100% as the other endpoint (i.e. E 0 < E 100 ). For every event, the primary energy deposition E 0 , E 1 , E 2 … E 100 can be calculated.
An instance of the primary energy deposition is shown in Fig. 8 . The topological signature of 'blobs' can be found as an energy-deposition peak near the two ends of the curve. 
Discrimination methods and results
Primary energy deposition model
With the simulation method described in section 2, 10 5 samples of single-electron events and 10 5 samples of 0υββ events are generated. For each sample, the primary energy deposition E 0 , E 1 , E 2 … E 100 at each factional length J 0 , J 1 , J 2 … J 100 are calculated.
For the single-electron samples, the sample mean 0 ̅̅̅ , 1 ̅̅̅ , 2 ̅̅̅ … 100 ̅̅̅̅̅̅ and the sample standard deviation σ 0 , σ 1 , σ 2 … σ 100 can be calculated at each J k ,. The value of ̅̅̅ reflects the average energy deposition at J k , and the value of σ k reflects the fluctuation of the energy deposition at J k . These features of the single-electron events are shown with red error bar in Fig. 9 . Similarly, the features of 0υββ events are shown with blue error bar in Fig. 9 . Fig. 9 indicates that the features of the primary energy deposition are apparently different between single-electron events and 0υββ events, which establishes a primary energy deposition model.
Discrimination methods
The primary energy deposition models show the difference between single-electron events and 0υββ events, which can be used to identify whether an unknown track is a 0υββ event or a single-electron event.
To describe the features of primary energy deposition, we define a random vector:
In this view, the discrimination between single-electron events and 0υββ events is to find a separation between ⃗ of single-electron samples and ⃗ of 0υββ samples. One approach to obtain the maximum separation is the Fisher's linear discriminant (see, for instance, Ref. [17] ).
A linear combination of features is established: w k is the weighting factor for E k , which indicates the significance of E k at the fractional distance k. The evaluation of w k is crucial to the discrimination method. If the samples of ⃗ in single-electron events have means ⃗⃗⃗⃗ and covariance , and the samples of ⃗ of 0υββ events have means ⃗⃗⃗⃗ and covariance , then ⃗⃗ can be evaluated in Fisher's linear discriminant as:
The cut c can be evaluated as:
If S > c, the unknown track is identified as a 0υββ event, otherwise S < c as a single-electron event. If in a very special situation with S = c, the unknown track is identified as uncertain, but it didn't happen in our data set.
To be mentioned, different value of D (side length of voxel), R (radius of energy-deposition ball), and T (connectivity criteria) will result in different models, thus different w k and c. However, in general, w 0 is always the largest one of all the w k , which means the 0υββ model and the singleelectron model separate from each other most clearly at k = 0. It indicates that the energy deposition at the lower-energy-endpoint is always the most significant feature for the discrimination, which is adopted by the NEXT experiment in Ref. [9] , for distinguishing single electrons from electron-positron pairs.
Discrimination efficiency
For every sample represented for a single-electron event or 0υββ event, the value of S is calculated and compared with c, thus obtaining the identified result. By comparing the identified results with the real results, we can conclude the discrimination efficiency of both single-electron events and 0υββ events.
The discrimination efficiency is influenced by the choice of D, R, and T. In this section, the value is set as D = 0.1 mm, R = √3D, and T = √3D by default, which means that the side length of the voxel is 0.1 mm, the radius of the energy-deposition ball is 0.1√3 mm, and the connectivity criteria is 0.1√3 mm. The efficiency of the discrimination method is shown in Table I . The single-electron background is rejected with a factor of 93.75%, with an efficiency of 85.44% for 0υββ signal events. This efficiency can be regarded as the best consequence which can be obtained in an ideal experiment. Table I In general, the T = D criteria keeps the most detailed information, as in this case, the main path would pass through the greatest number of voxelized points. As a result, the primary trajectory reconstructed from the T=D main path best mimics the MC track.
However, if the energy resolution of the detector and electronic noise are taking into account, the performance of T = D criteria will degrade. For instance, if the energy deposition of a point X in the main path falls to zero due to the energy resolution, the main path algorithm may probably return two shorter paths instead of the original one, thus resulting in a wrong main path.
In this article, for the promising application in real detectors, the connection criteria T is set as √3D in order to be more tolerant to the breakpoints due to the noises.
The radius of the energy-deposition ball R
For one data sample, the value of R influences the effects of the filter, thus resulting in different primary trajectory. The filter is effective only when R is larger than D. Otherwise, if R < D, only one voxelized point can be found in the energy-deposition ball, so the filter is disabled and the primary trajectory and the main path are identical. Meanwhile, R should not be too large, since the detailed information of the track will be lost.
This section takes D = 0.1 mm, and T = √3D as defaulted condition, and discusses how the variation of R influences the discrimination efficiency. The results are listed in Table II . Table II shows that the discrimination efficiency of an R < D filter (disabled filter) is much lower than that of an R = √3D filter. Hence, the primary trajectory introduced in this article proves a better performance than the main path for the discrimination efficiency. And the best filter for a high efficiency for both single-electron events and 0υββ events can be found around R = √3D. 
The side length of the voxel D
According to the scales of the length of track (about 3.7 mm at 2813.50 keV) described in section 3.1.1, the 3-D spatial resolution of a real detector should be as good as several submillimeters, so as to obtain the topological signatures of an electron's track. In this article, the side length of the voxel is defaulted 0.1 mm (D = 0.1 mm) to stand for a spatial resolution of 0.1 mm.
If the spatial resolution of a real CZT detector is larger than 0.1 mm, the performance of this discrimination method began to degrade, in terms of the discrimination efficiency of both singleelectron events and 0υββ events. We evaluate this degradation by setting a larger value of D, corresponding to the ideal spatial resolution of one detector.
The result of the discrimination efficiency affected by D is shown in Table III . As D alters its value, the value of R should be reappraised. Only the optimal R is listed in the table.
As D increases, the loss of the track's information is much more serious, so R/D in the optimal performance should be smaller to reduce further information loss. And R = D provides the smallest R with an effective filter.
Even if the spatial resolution of the CZT detector degrades to 0.5 mm, this discrimination method can still provide an ideal efficiency of 82% for single-electron events and 71% for 0υββ events.
Energy resolution and electronics noise
The data sources in this article are obtained from the GEANT4 simulation, and the conditions of a real experiment are not considered, such as the energy resolution of the detector, the noise of the electronics, and other effects. As a result, the discrimination efficiency discussed in section 4.1 is equivalent to the best consequence obtained in an ideal experiment.
Conclusion
A new topological signature 'primary trajectory' of single-electron events and 0υββ events is introduced in this article, as a significant supplement of the topological signature 'main path'. We discussed the energy deposition along the primary trajectory and established the primary energy deposition model.
With the distinctions between the models of both event types, this article proposes a new discrimination method called primary energy deposition discrimination method. With a criteria of D = 0.1 mm, R = √3D, and T = √3D, a performance with a signal efficiency of 85.44% and a background rejection of 93.75% is concluded. Compared with the lower energy blob method in Ref. [9] , this discrimination method may feature in both the robustness and the discrimination efficiency. Though this discrimination method is designed for distinguish single-electron events and 0υββ events, it is also proved to be powerful to reject alpha and muons, which makes this method feasible in the real research. This article also discussed how the value of D, R, and T affects the discrimination efficiency, and evaluated the requirement for the spatial resolution of a real CZT detector. To be mentioned, the results in this article is drawn from the tracks of single-electron and 0υββ events generated in the GEANT4 simulation, the influence of energy resolution and electronic noise should be further discussed.
